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Abstract 

In this paper, we consider the analogous of the obtacle problem in 
i/o(£l), on the space Wq ,p (£1). We prove an existence and uniqueness 
of the result. In a second time, we define the optimal control problem 
associated. The results, here enclosed, generalize the one obtained by 
D.R. Adams, S. Lenhard in |T], [2] in the case p = 2. 
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1 Introduction 

Let Q be a bounded domain in Mr, N > 2, whose boundary is C 1 piecewise. 
For p > 1 and for ip given in Wo' p (n), define 

K(ip) = {ve Wo' p (n),v > if> a.e. in Q}. 

It is clear that K(ip) is a convex and weakly closed set in L P (Q). Let p' be 
the conjugate of p, and / € L p (17). We consider the following variational 
inequality called the obstacle problem: 

' u G K(ip), 

(1.1) 



a(u) ■ V(u — u) dx > / f(v — u) dx, W £ K{i>), 
in Jn 

where o~{u) = \Vu\ p ~ 2 Vu. We shall say that tp is the obstacle and / is the 
source term. 

We begin to prove existence and uniqueness of a solution u to (11. ip . 
using variational formulation of the obstacle problem on the set K(ifj). We 
shall then denote u by: u = Tf(ip). Secondly, we characterize Tf(ip) as the 
lowest /— superharmonic function greater than ifj. 
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2 Existence and uniqueness of the solution 

Proposition 1. A function u is a solution to the problem (jl.ip if and only 
if u satisfies the following: 

'u G Kty), 

A p ti > /, a. e. in Q, ^ l) 



(t(u) ■ V(ifi — u) dx = / f(t/j — u) dx. 
n Jn 

Proof of Proposition^ Suppose that u satisfies (jl.ip . Then taking v = 
u + tp G i^(^) for </> G 9? > 0, one gets that — A p u > f in O. 

Moreover, For v = ip and v = 2u — t/j, one gets that 



er(u) • V(^ — u) (fx = / /(^ — dx, 
n is] 

hence u satisfies (12. lj) . 

Conversely, let it G K(tp) such that — A p u > /, let u be in K{ip) and 
<^ n G T>(fl), ip n > such that </? n — > t> — ifi in Wq 1,p (0). Then one gets 



o~(u) ■ V(v — tp) = lim / o~(u) ■ V(p n 
<> n ^Jn 

lim / -A„ii </? n 



> lim f<p n = f{v-ip), Vt-G^(V). 
Using the last equality of (|2.ip . one gets that 

/ a{u) -V{v-u)> [ f(v -u), V v G 2jf(^), 

hence u satisfies (jl.ip . □ 

Let us prove now the existence and uniqueness of a solution to the ob- 
stacle problem (|1.1|) . 

Proposition 2. There exists a solution to (jl.ip . which can be obtained as 
the minimizer of the following minimization problem 

inf I{v), (2.2) 

veK(ip) 
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where I is the following energy functional 

I( v ) = - I \W\ P - [ fv. 
P Jn Jn 

Proof of Proposition [2j Using classical arguments in the calculus of varia- 
tions, since K(ip) is a weakly closed convex set in Wq ' p (Q), and the functional 
/ is convex and coercive on Wg' p (fi), then one obtains that there exists a 
solution u to CO). □ 



Proposition 3. The inequation possesses a unique solution. 

Proof of Proposition® Suppose that ui,u 2 £ W Q ' P {£1) are two solutions of 
the variational inequality 



Ui G K(t/j) : / a(ui) ■ V(t> — Uj) dx > f(v — u^) dx, V v € K(ip), i = 1, 2 
Jn Jn 

Taking v = u\ for i = 2 and v = u 2 for i = 1 and adding, we have 
/ [a(ui) - a{u 2 )} ■ V(«i - u 2 ) < 0. 

Recall that we have 

/ ^(m) - a(u 2 )] • V(«i - u 2 ) >0, 

which implies that 

/ [cx(ui) - <r(ti 2 )] • V(ui - ii 2 ) = 0, 
Jn 

and then, ui = u 2 a.e in 0. □ 

Thus, we get the existence and uniqueness of a solution to (II. ip . 

Definition 1. We shall say that u is f — superhamonic in fi, if u G Wq 1 ^^) 
is a weak solution to — A p u > /, in the sense of distributions. 

Proposition 4. ^4 function u is a solution of (jl.ip . i/ and on/y i/it is the 
lowest f — superharmonic function, greater than ip. 
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Proof of Proposition® Let u be a solution of (jl.ip and v be an /—super 
harmonic function, greater than ip. Let £ = max(u, u), £ G K{ip). Recalling 
that v~ = sup(0, —v), one has then — u) = — (v — u)~ . From (jl.ip . one 
gets 

/ a(u)-V(£-u) > / /(£-«). 
On the other hand, since £ — u < and — A p v > f, we have 

/ a(t;).V(£-u) < / /(£-«). 
We obtain, subtracting the above two inequalities: 

/ - • V(£ - «) < o, 

./n 

which implies that 

- / [o-(u) - <r(u)] • V(u - u)~ < 0, 

and then (u — u)~ = 0, or equivalently u < v in $7. □ 

Recall that we define by Tf(ip) the lowest /—super harmonic function, 
greater than tp. 

Lemma 1. The mapping tp i— > Tf(ip) is increasing. 

Proof of LemmaU] Let ui = Tf(ipi) and U2 = Tf(ip2), which are respec- 
tively solutions to the following variational inequalities 

-A p Ui > f 
Ui >ipi, i = 1,2 

and let ip\ < ip%. It is clear that 112 > tpi- Hence U2 is /— superharmonic 
and using Proposition HI one obtains u\ < 112- □ 

Proposition 5. The mapping ip \— > Tf(ifi) is weak lower semicontinuous, in 
the sense that: 

• J/ ipk weakly in W ' P (U), then Tf(ip) < liminfrj(^). 

fc^oo 

. I \V(T f W))\P <]imw£ [ MT f (ip k ))\P. 
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Proof of Proposition® Let {ipk) be a sequence in W^ P (Q) which converges 
weakly in W ' p (£i) to tp, and let tp^ = min(^fc, ip). Since Tf is increasing, one 
gets that Tf(ifk) < Tf(ipk). We now prove that Tf(ipk) converges strongly 
in W ' p (£l) towards Tf{ip). This will imply that 

TfW = lim TfiVk) < liminf T f {ip k ). 

fe^OO K^OO 

We denote u k as Tf(ipk). It is clear that Uk is bounded in Wq' p (£1) since 
Vfc < '0- Hence for a subsequence, still denoted Uk, there exists some u in 
W 1,p (O) such that 

Vufc — 1 Vu weakly in L p (£l), Uk —* u strongly in L P (Q). (2-3) 

On the other hand, using the fact that <p k converges weakly to ip in Wq' p {Q) 
(see Lemma [2] below) , one gets the following assertion: 

u k > <Pk => u>ip. 

Let us prove now that u is a solution of the minimizing problem (|2.2p . For 
that aim, for v G K(ip), since v > ip > ip k , we have 

- / \Vu\ p - [ fu< liminf- f \Vu k \ p - [ fu k 
P Jn Jn k ^°° P Jn Jn 

< liminf inf j- f \Vw\ p - [ fw\ 

k^oo w>ip k [p J n Jn ) 

< - I \Vv\ p - ( fv. 
P Jn Jn 

Then u realizes the infimum in (|2.2p . At the same time, since u £ K(ip), 
one has the following convergence 

- / |Vii fc | p - / fu k — >- j \Vu\ p - j fu, when k ^ oo, 
P Jn Jn P Jn Jn 

which implies that u k converges strongly to u in Wo' p (n). We can conclude 
that Tf{ifk) converges strongly to Tf(ip). □ 

Lemma 2. Suppose that ip k converges weakly to some i> in Wl' p {yt). Then, 
ip k = mm(tp k ,ijj) converges weakly to tp in Wq' p (Q). 
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Proof of Lemma [2j We have 

ip k — >ip inL p (Q). 

Then 

<p k = > if; m LP{U). 

Let us prove now that |Vy>fc| is bounded in L p (f2). For that aim, we write 

'ipk + tp- \ipk '" 



|V^ fc | p 



V 



<c p 



Therefore the sequence ip^ is bounded in Wq' p (0), so it converges weakly, 
up to a subsequence, to ip in Wq ,p (Q). □ 

Proposition 6. The mapping Tf zs an involution, i.e. Tj = Tj. 

Proof of Proposition Up to replacing ^ by u in the variational inequalities 
(jl.ip , and using proposition 0J one gets that u = Tj (u) . Then, we conclude 
that Tf(ip) = Tflifj). □ 

3 A method of penalization 

Let .M + (f2) be the set of all nonnegative Radon measures on f2 and W~ 1,p (SI) 
be the dual space of W 1,p (ft) on SI where p' is the conjugate of p (1 < p < oo). 
Suppose that u solves (JTTTJ) . Using the fact that a nonnegative distribution 
on S7 is a nonnegative measure on S7 (cf. [7]), one gets the existence of 
/U > 0, /jG .M + (S7), such that 

/ <r(u)-V$dx- / f® dx= (fi,$), V$eX>(0), (3.1) 

that we shall also write — A p u = f + /i, > in S). 
Let us introduce 

^)=(°' (3.2) 

I X, X < (J. 

Clearly, /3 is C 1 piecewise, f3{x) < and is nondecreasing. Let us consider, 
for some 5 > 0, the following semilinear elliptic equation: 

f - A p u + \p(u - V) = /, m fi 
1 «|sn = 0. 
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We have the following existence result: 

Theorem 1. For any given possesses a 

unique solution u s . Moreover, 

(1) u s — ► u strongly in Wq' p (£Y), as 5 — > 0, with u := Tf(ip). 

(2) There exists a unique \i € W~ 1,p (Q) H .M + (0) such that: 

(i) -\i3{u 5 -if))-»nm w- l > p '(n) n M + (n). 

(ii) ( M ,r / (^)-^) = o. 

„ r 

Proof of Theorem^ (1) Let -B be defined as -B(r) = / (3(s)ds, V r G R. 
We introduce the following variational problem 

inf <j- f \Vv\ p + l [ B(v-ip)- f fvX. (3.4) 
vew£' p (Si) IP Jn d Jn Jn J 

The functional in (|3.4p is coercive, strictly convex and continuous. As a 
consequence it possesses a unique solution u s € W ' p (fi). Since -B(O) = 0, 
one has 

- 1 I b(u s —tp)— [ fu 5 <- f iwr- f fip, 

P Jn o J n J Q p J n J n 

since B > 0, then u 5 is bounded in Wq' p (Q). Extracting from u s a subse- 
quence, there exists u in Wg' p (fi), such that 

Vu s Vu weakly in -> w strongly in L p (r2). 

Using j / B(u s — ijj) < C and the continuity of B one has 
Jn 

0< / B(u-ip) <liminf / £(u 5 - V) = 0, 

Jn 

hence u G K(ip). 

We want to prove now that « solves (jl.ip . Let v £ K(tjj), since 5(r) > 
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0, V r € R one gets: 

- f \Vu\P- [ fu < liminf ( - / \Vu 5 \ p - f fu 5 ) 
P Jn Jn \PJn Jn ) 

< liminf I- f \Vu s \ p +- [ B(u 5 -iP)- [ fu 5 ) 

\p J n 5 J n Jn J 

< liminf inf {- / \Vu\ p + l [ B(u-ib)- [ fu\ 

<- f \Vv\ p - [ fv. 
P Jn Jn 

Then, one concludes that \7u 5 — > Vu strongly in L P (Q) and since u G 
K(ip), then u solves (jl.ip . 

(2) (i) let u 5 be the solution of (13. 3D . since V?/ is uniformly bounded in 
L p (f2) by some constant C, we get that — A p u 5 — f is bounded in W~ 1,p (O), 
so it converges weakly, up to a subsequence, in W~ 1,p (f2). Hence, — ^(n 5 — 

converges too, up to a subsequence, in W~ 1,p (Q), and we have 

--J(u 5 - i/>) -± n weakly in W~ 1,p '(ty, 
o 

where \x is a positive distribution, hence a positive measure. Then, by (1), 
we see that u and fj, are linked by the relation (|3.ip . 

We now prove (ii): let it be the solution of (|l.ip . Taking 92 = — it) € 
PFq' p (0) in the above inequalities, one gets 

-~ § Jp{u 5 -i>) (u-i/>) <*r< || Vi/^" 1 1| V(^-u)|| p + ||/Mh/> -«|| P . 

Since u G K(ip), passing to the limit we obtain: 

(fj,, tj) — u)= [ |Vu| p - 2 V-u • V(V> - u) - [ f(ip-u) = 0, by (I2TTD 

Then (ii) follows. □ 

4 Optimal Control for a Non-Positive Source Term 

4.1 Optimal control for a non positive source term 
Proposition 7. Let f,ifi andTf{ip) be as in (jl.ip . One has 

- [ \VT f (ip)\ p <- [ \Vip\ p dx+ [ f[T f (ip) -rp] dx. 
P Jn P Jn Jn 



8 



Proof of Proposition [7J From (jl.ip taking v = ip and using Holder's inequal- 
ity, we have 




vT>(vor< 



p — i 



VTfM\\ P p + hvW P + I fW)-i>]dx. 



P " Jn 



□ 



Note that since Tf(ifj) > it follows that if / < 0, then 



Jn Jn 



[ |VT/(^)r dx < [ |W! P dx 



(4.1) 



Let us now introduce the following problem, said "optimal control problem!'' : 



for some given z 6 L P (Q). z is said to be the initial profile, ip is the control 
variable and Tt(ip) is f/ie staie variable. The pair (?/>*, Tf{ip*)) where ip* is 
a solution for (|4.2p is called an optimal pair and V>* an optimal control. 

In this section, we establish the existence and uniqueness of the optimal 
pair in the case where / < 0. 

Theorem 2. If f 6 L p '($7), / < on fi, i/ien £/iere exists a unique opti- 
mal control ip* G Wo' p (fJ) /or ()4.2f) . Moreover, the corresponding state u* 
coincides with ip* , i.e. Tf(ip*) = if)* . 

Proof of Theorem In a first time we prove that there exists a pair of so- 
lutions of the form {u* , u*), hence (u* = Tf(u*)). Let (V>fc)fc be a minimizing 
sequence for (HH), then T f (ip k ) is bounded in W^ P {VL), therefore T f {ip k ) 
converges for a subsequence towards some u* 6 W Q ' P ({1). Moreover, using 
the lower semicontinuity of Tf as in proposition one gets 




(4.2) 



where 



JfW = ~ [ \\Tf$)-z\ p + \V$\ p \ dx 



P Jn 



(4.3) 



Tf(u*) < liminf T f (T f (tl> k )) < lim T f ty k ) 



= u 



* 



and by the definition of Tf, Tf(u*) > u* . Hence u* = Tf(u*). 
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We prove that (u*,u*) is an optimal pair. Using proposition [5j by the 
lower semicontinuity in IUQ' p (f2) of Tf. 

J f ( u *) = l [ {\ u * - z \ p + \Vu*\ p } dx 



V Jn 



<liminf- f {\T f (1> k )-z)\r + \Vil> k \ p } dx 



= inf J f ty). 

Secondly, we prove that every optimal pair is of the form (u*,u*). Observe 
that if (ip* , Tf(ip*)) is a solution then (Tf(ip*),Tf(ip*)) is a solution. Indeed 



{\T f (i/>*) - z)\ p + \VTf&*)\P} dx< / {\T f (r) ~ z)\ p + \Vr\ P } dx. 
n Jn 

So 

/ |VT / (V»*)| P dx = [ \Vip*\ p dx, (4.4) 
Jn Jn 

by inequality (|4.ip . using the Holder's inequality, one obtains then 



o< / f(r-T f (r)) dx 

Jn 

< ! a(T f (r))-V(r -T f (r)) dx 
Jn 

< ( \VT f (iP*)\ p - 2 VT f (iP*) -ViP* - [ \VT f (iP*)\ p 
Jn Jn 

p-i 1 

<([ \vT f (rw) p (f \vT f (r)\ p ) p - [ \vT f (r)\ p =o, 

\Jn J \Jn J Jn 

which implies 

[ |vr / (^*)| p_2 vr / (V'*)-vV'*- I \VT f (ij*)\ p = o. 

Jn Jn 
Let us recall that by convexity, one has the following inequality 

- f |V^T + ^— ^ f \VTf(iP*)\ p - [ |VT f (V*)r 2 VT f (V*) • VV* >0. 
P Jn P Jn Jn 

Then the equality holds and by the strict convexity, one gets V = 
V(Tf(ijj*)) a.e., hence ip* = Tf(ip*). Finally, we deduce from the two pre- 
vious steps that the pair is unique. Suppose that (m,iti) and (112,112) are 
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two solutions, and consider ( Ml +" 2 ; Tf( Ul ^ U2 )). We prove that it is also a 
solution. Indeed: 





U\ + u 2 


p 


/ 


z 


+ 


In 


2 



VI) ( 



</ 




p 








+ 


Jn 


2 * 




V 2 J 



dx 



<~(Jf(ui) + Jf(u 2 ))= inf J/(V), 

which implies that u\ = u 2 - Thus, the uniqueness of the optimal pair for 
/ < holds. □ 

4.2 Optimal control for a nonnegative source term 

We are interested here to the case / > on !]. In what follows we will 
denote by Gf the unique function in Wq' p (Q) which verifies 

f-A p (G/)=/, inOa.e. 

[Gf = 0, on an, 

where / G LP' (ft) and Gf G W^ p (fl). 

Theorem 3. Suppose that f G L p ' (£1) is a nonnegative function. Suppose 
that z G L p (£l), satisfying z < Gf a.e on O. Then the minimizing problem 
(|4.2p /ias a unique optimal pair (0, G/) . 

Lemma 3. Let Tf(ip) be a solution to (jl.ip and G/ defined as above. Then 
Tf{ip) is greater than Gf. 

Proof of Lemma\3\ We have that —A p (Gf) = f, and Tf(ip) realizes — A p (Tf(ip)) > 
/. Then, by the Comparison Theorem for — A p we get that Gf < Tf(ip). □ 

Proof of Theorem O In a first time we prove that (0, Gf) is an optimal pair. 
Indeed, for all V G W Q 1,p (fi) 

JfW = lJ i\Gf~z + Tf(if)) - Gf\ p + |Wf } 

Z |p +p |G/ - zr 2 (G/ - z)(Tf(ip) - Gf)} 



1 



>- / {\Gf 
PJn 

>- [ {\Gf-z\v} 
PJn 

= JfiP). 
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The equality with (ip* ,Tf(ip*)) implies that we have equality in each step, 
so we get ||VV>*||p = 0, then tp* = a.e. in Thus, (0,Gf) is the unique 
optimal control pair. □ 
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